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Introduction

D URING the past few years, considerable progress has been
achieved in employing multigrid methods for turbulent super-

sonic and hypersonic � ows.1¡7 In this context, the most serious
problems arise from strongly nonlinear turbulent source terms of
low-Reynolds-number turbulence models and from the hyperbolic
character of the governing equations in high-speed � ows. Because
of the relatively weak coupling between � uid and turbulence vari-
ables, a simple coarse-grid freezing of nonlinear contributions to
the turbulent source vector enables convergence even in compli-
cated cases.6;7 In addition, supersonic � ows require modi� cations
of standard restriction and prolongation operators to avoid upwind
in� uences at shock waves. Koren and Hemker8 proposed a local
defect damping and a direction-dependent prolongation. Without
defect damping but using characteristic restriction and prolonga-
tion operators, good convergence rates could be achieved for the
Euler equations at hypersonic � ight conditions by Leclercq and
Stouf� et.9 Both methods are computationally expensive. In this
Note,we presenta modi� ed simpledefectdampingandprolongation
procedure that is easy to implement and that works stably even for
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high-aspect-ratio grids. A novel blending between � rst-order up-
wind prolongationand second-ordercentral prolongationimproves
robustness, as well as the convergence rate of the algorithm. With
this technique, the reduction to � rst-order accuracy is limited to the
vicinityof shockwaves. A generaldrawback of these restrictionand
prolongationoperators is the dependenceon free parameters. How-
ever, it is shown that the in� uence of the choice of these parameters
is quite weak and that the presented method may also be used for
complicated engineering problems. A reduction in CPU time by a
factor of four is achieved simulating a turbulent supersonic mixing
experiment.
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Multigrid Method
A nested full approximation storage (FAS), V-cycle multigrid

method10 fornonlinearproblemsisusedas convergenceacceleration
for solving the full Navier–Stokes, species and turbulence transport
equations. Full coarsening is performed on four grid levels. Details
concerning the implicit numerical scheme and the treatment of tur-
bulent source terms of the employed low-Reynolds-number q –!
turbulenceclosure may be found in Refs. 6 and 7.

Restriction
If strong shock waves occur in the � ow� eld, central restriction

operators lead to unphysical upwind in� uences, which usually de-
stroy convergence of multigrid methods. Koren and Hemker8 have
shown that one possibility to overcome stability problems is a local
damping of the transferred residual error at shock waves. However,
the proposed local damping factor requires calculation of differ-
ent matrix norms and is, consequently, computationally expensive,
especially for multicomponent � ows. On the other hand, a simple
global damping, also used by some authors, destroys much of the
information restricted to coarser grids, thus retarding convergence.
Therefore, it is advantageous to damp the transferred residual error
at shock waves only. It will be shown that the extent of damping
is actually rather small and insensitive to the choice of damping
parameters. In the present Note, a shock sensor similar to that used
in Ref. 3 is used to reduce the transferred residual error. In contrast
to Ref. 3, the present sensor11 is a blend 0 · Â · 1 between a stan-
dard non-total variational diminishing (TVD) sensor (Â D 1) and
a sensor with TVD properties (Â D 0), which offers better conver-
gence rates at high Mach numbers. For the » direction,this sensor is
given by

where a value of Â D 0:8 resulted in good shock resolution and
convergencehistories.On the basis of this shock sensor, the coarse-
grid damping factor is calculated by
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where k indicates the grid level. Instead of adding up four � ne-grid
residuals R to form one coarse-grid residual, the following transfer
operator is used:

r k C 1
k Rk D

4
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Rk
l max 0; 1 ¡ ·k

l (3)

In smooth regions of the � ow� eld, ·k
i; j is close to zero and the total

residualerror is restrictedto thenext coarsergrid.Near shockwaves,
· k

i; j increases and the transferred residual error is consequently re-
duced. The coef� cients C k should be chosen in dependence of pa-
rameter Â . Although for the more dissipative pure TVD sensor
(Â D 0) º is close to 1 in the vicinity of shock waves, its value
strongly decreases with blending to the non-TVD sensor. There-
fore, higher values of C k are necessary for the non-TVD sensor.
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An intermediate sensor (Â D 0:8) is used in the present Note. For a
great variety of different test cases, good results are obtained with
0:5 · C k · 2, where high values are necessary to simulate strong
shock waves. Fortunately, the in� uence of C k on convergence his-
tory is onlymoderate if it doesnot fall belowa lower limit. In practice
it was possible to simulate a wide range of � ow problems with the
same set of coef� cients. Also note that often small reductions in the
transferred residual errors at shock waves (approximately 10% for
transferfrom� rst to secondgrid) are suf� cient to allow themultigrid
method to converge.

Prolongation
Prolongation of coarse-grid corrections to � ner grids is usu-

ally performed by a spatially second-order bilinear interpolation.
Figure 1 shows four coarse-grid cell centers (1–4) that are used to
determine � ne-grid values A– D. Before starting the iteration pro-
cess, four prolongation factors Pi

4

i D 1

Pi D 1

are calculated for every � ne-grid cell center. Using these prolonga-
tion factors, the coarse-grid correction for cell center A is

1Qk
A D

4

i D 1

Pi 1Qk C 1
i (4)

In the case of highly stretchedcurvilineargrids, problems may arise
(Fig. 2) if � ne-grid cell centers (A– D) are located outside of cor-
responding coarse-grid cell centers. In this case large errors result
from extrapolation.To avoid such problems, the four � ne-grid cell
centers are � rst transformedto the coarse grid. The � ne-grid correc-
tions are then determined for the � ctious cell centers A¤– D¤, thus
eluding problems from extrapolation.

Fig. 1 Geometry with coarse-
(² ) and � ne- (±) grid cell cen-
ters.

Fig. 2 Schematic of prolongation on highly stretched grids.

Fig. 3 Pressure contours (bar).

Such a bilinear prolongationoperator leads to upwind in� uences
at shockwaves, too. In Ref. 7 a simple form of a pure upwindprolon-
gation is used in supersonicregionsof the � ow� eld. If, for example,
the contravariant velocity ju» j (Fig. 1) between the coarse-gridcell
centers 4 and 1 is smaller than 1, central prolongation is used. If
ju» j is larger than 1, only the coarse-grid value located upstream is
considered. The disadvantage of this method is the reduction from
second-to � rst-orderaccuracyin supersonicparts of the � ow� eld. In
some investigated cases, this kind of prolongation failed to achieve
convergence.This problem is alleviated by the following modi� ca-
tion: The corrections1Qk C 1 in Eq. (4) are replaced by new values,
which account for upwind in� uences. For example, for the coarse-
grid cell center 1, the new correction is calculated by

1Qk C 1
1;new D 1Qk C 1

1 C a ·» 1Qk C 1
4 ¡ 1Qk C 1

1

C ·´ 1Qk C 1
2 ¡ 1Qk C 1
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with

·» D º» : u» > 1
0 : u» · 1 ; ·´ D º´ : u´ < ¡1

0 : u´ ¸ ¡1
(6)

and a D 0:5 if both ·» and ·´ 6D 0, whereas a D 1 in all other cases.
The pressuresensorsº in the » and ´ directions[see Eq. (1)] are used
to blend between central and upwind prolongation.Thus, � rst-order
upwindprolongationis performednearshockwavesonly,where º is
larger than 0 and may approach1. In subsonicor smooth supersonic
� ow regions, º ¼ 0 and the second-order central prolongation is
retained.

Results and Discussion
Several supersonic mixing test cases12 are simulated to inves-

tigate the ef� ciency of the described restriction and prolongation
operators. Cold hydrogen is injected through the blunt end of a
strut into a Mach 2 supersonic air� ow. A three-block grid with
328£ 32, 288 £ 56, and 480£ 96 volumes is used to discretize the
upper part of the symmetric channel. A second nozzle for hydro-
gen injection inside the strut is simulated with 40 volumes in the
streamwise direction. Figure 3 shows calculated pressure contours
for the upstream located channel part. A detailed description, as
well as a comparison with experimental data, is given in Ref. 12.
This test case offers several challenges to multigrid methods, such
as shock waves, a recirculation zone at the blunt end of the strut,
strong density gradients within the hydrogen/air shear layer, large
turbulent production, and high cell aspect ratios of up to 7100. Pure
upwind prolongation failed for this test case. The results shown in
Fig. 4 were obtained using the alternative prolongationoperator of
Eq. (5). Plotted are convergence histories of the density and turbu-
lence (q D

p
k, where k D turbulent kinetic energy) residuals vs the

numberof work units.One work unit is de� ned as the computational
time needed for one � ne-grid iteration. Additionally, the in� uence
of a variation of restriction damping parameter C k [see Eq. (2)] is
included. For simplicity this investigation was performed with the
same value of C k D C at all grid levels. Without damping of the res-
tricted residualerror, the calculationalreadyfailed during the nested
iteration process. The best convergence rate is obtained for C D 2.
Whereas a highervalue (C D 3) has only slight in� uenceon the con-
vergencebehavior, smaller values (C D 1) considerablydegrade the
rate of convergence.For the calculation with C D 2, the maximum
value of · out of all grid volumes is 0.114, 0.184, and 0.318 for
the transfer from � rst to second, second to third, and third to fourth
level, respectively.
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Fig. 4 Convergence history for density and turbulence residuals.

Conclusions
Some modi� cations for the restriction and prolongation process

of multigrid methods have been presented that are necessary for
the simulation of complex supersonic � ow� elds. Damping of the
restricted residual error and blending between a second-order cen-
tral and a � rst-order upwind prolongation enable convergence in
supersonic � ows and resulted in strong reductions in CPU time.
The advantageof this kind of blending is the reduction to � rst-order
prolongationat shock waves only.
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Introduction

G RID generation is an essential part of computational � uid dy-
namics.Structuredmultiblockgrids can already in practicebe

generated into remarkably complex geometries. Grid generation is,
however, a task that demands a major share of the man hours spent
on the � ow solution and that remains a research subject of practical
interest.

In the two-dimensional case, the harmonic map is a diffeomor-
phism. Unfortunately, it seems this result cannot be generalized
to three space dimensions.1 Furthermore, the theorems are for the
continuous map, and it is the discrete approximation that forms
the grid. Yet the harmonic method is in practice very robust. Un-
fortunately, a straightforward application of the Laplace–Beltrami
equation does not allow any control of the grid, but the grid always
becomes evenly spaced in the interior. A common approach is to
add an inhomogeneousterm to the equationand to use this inhomo-
geneous equation, the Poisson equation, for grid generation.2 One
technique for calculating the control terms is to apply an intermedi-
ate parameter domain.3 There are a number of other techniques as
well, in which the Poisson system is applied without any concern
about the regularity of the parameter domain to which the control
terms possiblycorrespond.Methodsbasedon the Beltrami equation
directly, without any control terms, have also been developed. For
example,Dvinskyappliesprede� ned metrics in the physicaldomain
to achieve grid control.4

In the present method, grid clustering is achieved via a clustered
computational domain from which nonuniform difference incre-
ments are calculated in the discretization of the Laplace equation.
The method does not include grid orthogonalization. The gener-
ated grid can be orthogonalizedto the boundary afterward.5 In fact,
anyorthogonalizationrequirementswouldmake thegrid-generation
problem overdetermined.5 Thus, adding an orthogonalization fea-
ture to the method, e.g., by adjusting the computational domain
further, would probably lessen the robustnessof the method.

Grid-Generation Equations
Harmonic maps are extremals of the energy functional.Consider

a harmonic map from the physical to the computational domain.
Suppose the computational space is a Euclidean space equipped
with a Cartesian coordinate system » n . If the physical space is also
a Euclidean space and the coordinate system xn Cartesian, then
the Euler equation for the energy functional reduces to the Laplace
equation. In the case of a nonvanishingJacobian, the Laplace equa-
tion can be transformedso that the curvilinearcoordinatesappearas
independentvariables and the Cartesian coordinatesas dependent2:

gk j @2x¸

@» k @» j
D 0 (1)

Here the gk j are the contravariantcomponentsof the metric tensorof
thecoordinatesystemon the physicalspaceinducedby theharmonic
map.Equation (1) is the grid-generationequationfor two- and three-
dimensional � at domains.

If the physical space is a curved surface in a three-dimensional
Euclidean space, the applicationof the formulas of Gauss yields the
harmonic grid-generationequation on a surface2;6:

gk j @2x¸

@» k@» j
D G.K1 C K2/n

¸ (2)
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